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ViscoelasticityThe correspondence principle is widely used to estimate the effective behaviour of non ageing linear vis-
coelastic composites, as it allows to take advantage of homogenization approaches originally developed
in the elastic framework. However, this principle is no longer valid when the phases exhibit ageing. The
approach proposed in this paper overcomes this limitation. Operating in the time domain, it allows to use
homogenization of random media on composites made up of isotropic ageing linear viscoelastic phases.
Several homogenization schemes are revisited to take into account information on morphology, namely
the dilute, Mori Tanaka and self-consistent schemes with spherical shapes. This approach is validated
against results obtained from either analytical or numerical computations. It is found to be efﬁcient on
nowadays computers: the effective relaxation tensor of a matrix-inclusions composite can be obtained
in less than one second, whereas numerical FEM homogenization takes more than twelve minutes on
a very coarse mesh.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
The effective behaviour of non ageing linear viscoelastic com-
posite materials is routinely estimated using homogenization of
random media, through the correspondence principle (Mandel,
1966). Indeed, the Laplace–Carson transform changes non ageing
linear viscoelastic behaviours into linear elastic ones, allowing to
directly reuse the homogenization schemes initially dedicated to
linear elastic composites. Then analytical or, when expressions
are too complex, numerical, inversion of the Laplace transform is
performed to derive the effective behaviour in the time domain.
However, when the local behaviours are ageing linear viscoelastic,
one cannot take advantage of the Laplace–Carson transform. This
major difﬁculty prevents the wide application of homogenization
of random media to ageing composite materials.
To avoid the shortcomings of the Laplace–Carson transform,
new techniques to upscale non ageing linear viscoelastic behav-
iours have been recently designed (Lahellec and Suquet, 2007; Ri-
caud and Masson, 2009; Vu et al., 2011; Nguyen et al., 2010),
staying in the time domain. Some of these techniques have been
successfully extended to ageing linear viscoelasticity (Ricaud and
Masson, 2009; Masson et al., 2012). Another approach has been
proposed to homogenize composites made up of non ageing linear
viscoelastic phases, where the volume fractions of these phases
evolve with respect to time (Scheiner and Hellmich, 2009).This paper is devoted to an alternative approach, also operating
in the time domain and avoiding the Laplace–Carson transform,
but designed from the beginning to deal with ageing linear visco-
elastic behaviours. This approach is inspired by the ‘‘ageing corre-
spondence principle’’ proposed by Mandel (1958). The aim is to
revisit the classical homogenization schemes in the context of age-
ing linear viscoelasticity, trying to keep the approach as straight-
forward as allowed by the correspondence principle in the non
ageing case.
A composite material made up of ageing linear viscoelastic
phases is considered. The behaviour of each phase can bewritten as:
rðtÞ ¼
Z t
1
Cðt; t0Þ : deðt0Þ ð1Þ
(Stieltjes integral), where Cðt; t0Þ is the relaxation tensor, providing
the stress response at t for a unit strain step occuring at t0 (more de-
tails on this behaviour will be provided in Section 1.2). This behav-
iour being linear, the framework of elastic homogenization of
randommedia can be formally reused, replacing the double contrac-
tion ‘‘:’’ by the integral operator deﬁned in (1) (see Maghous and
Creus, 2003 in the case of linear thermoviscoelasticity). The chal-
lenge is now to estimate the average of the strain localization oper-
ator (deﬁned in Section 1.3) over each phase. In the case of periodic
morphologies, Maghous and Creus (2003) focuses on multilayered
composite materials. In the present paper, a generic approach is
proposed to deal with random morphologies, in order to allow the
use the classical dilute, Mori Tanaka and self-consistent schemes.
To do so, the strain localization operator over one spherical inhomo-
geneity embedded into an inﬁnite medium is due. This mechanical
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rectly solved resorting to a displacement approach (Section 2.1.1).
Then the dilute scheme is transposed to ageing linear viscoelastic
composites (Section 2.1.2). As the derived expressions involve the
integral operator deﬁned by (1) and its inverse, they are of little
practical use. The numerical algorithm proposed by Bazˇant (1972)
to convert ageing relaxation functions to and from ageing compli-
ance functions is used in Section 2.2 to evaluate the integral opera-
tor and its inverse. To overcome the limitation of the dilute scheme
to small volume fractions of inclusions, the usual Mori Tanaka and
self-consistent schemes are extended to ageing linear viscoelastic
behaviours in Section 3. The homogenization approach is then care-
fully validated with respect to reference results obtained from
either analytical or numerical computations (Section 4).
In the whole paper, the small displacement hypothesis is
adopted. In particular, the inﬂuence of local displacements over
the morphology is disregarded. The remaining part of this intro-
duction is organized as follows. The main notations used through-
out the paper are gathered in Section 1.1. The integral operator
describing the ageing linear viscoelastic behaviour, and its proper-
ties, are brieﬂy recalled in Section 1.2. The effective behaviour of a
composite material made up of phases exhibiting such a behaviour
is formally derived in Section 1.3.1.1. Main notations
Implicit summation on indices (i; j; . . .) appearing twice in an
equation is not used throughout this paper.A order 1 tensor
A order 2 tensor
A order 4 tensor
T 1  T 2 contracted product of two tensors
T 1 : T 2 double contracted product of two tensors
T 1  T 2 tensor product
1 identity order 2 tensor
trA trace of A; trA ¼ A : 1
Adev deviator of A;Adev ¼ A 1=3ðtrAÞ1
tA transpose of an order 2 tensor
T 1 inverse of an order 2 or 4 tensor
I identity order 4 tensor for symmetric tensors
I : S ¼ S where S is a symmetric tensor
J tensor extracting the spherical part of a symmetric order 2
tensor, J ¼ 1=31 1
J : S ¼ 1=3ðtrSÞ1 where S is a symmetric order 2 tensor
K tensor extracting the deviatoric part of a symmetric order 2
tensor, K ¼ I J
K : S ¼ Sdev where S is a symmetric order 2 tensor
grad Að Þ gradient of an order 1 tensor
div Að Þ divergence of an order 2 tensor
f  x Volterra integral operator, denoted
y ¼ f  x or yðtÞ ¼ f ðt; :Þ  xð:Þ or yðtÞ ¼ R t1 f ðt; t0Þdxðt0Þ
f :

x Volterra integral tensor operator, denoted
y ¼ f : x or yðtÞ ¼ fðt; :Þ : xð:Þ or yðtÞ ¼ R t1 fðt; t0Þ : dxðt0Þ
f1 inverse of Volterra integral operator
y ¼ f  x () x ¼ f1  y
f1 inverse of Volterra integral tensor operator
y ¼ f : x() x ¼ f1 : y
HðxÞ Heaviside function
v½  vector
smt square matrix
smt  ½v matrix–vector product
sm1t  sm2t product of two matrices
sIt identity square matrix1.2. Ageing linear viscoelasticity
The mechanical behaviour considered in this paper is linear vis-
coelasticity with ageing. This behaviour is written as a Stieltjes
integral relating the stress tensor evolution to the strain tensor his-
tory (see Salençon, 1996 for example):
rðtÞ ¼
Z t
1
Cðt; t0Þ : deðt0Þ ð2Þ
where Cðt; t0Þ is the relaxation tensor. The component Cijklðt; t0Þ gives
the stress along i; j at time t resulting from a unit strain step along
k; l occuring at t0. As rðtÞ cannot depend on eðt0Þ for t0 > t (causality
principle), C can be extended as Cðt; t0Þ ¼ 0 when t0 > t. Eq. (2)
can also be written in a more compact form, introducing the nota-
tion ‘‘:

’’ as:
rðtÞ ¼ Cðt; :Þ : eð:Þ ð3Þ
or, omitting time dependencies:
r ¼ C : e ð4Þ
The speciﬁc case of the (non ageing) linear elastic behaviour (con-
stant stiffness C0) can be represented with a relaxation tensor writ-
ten as Cðt; t0Þ ¼ C0Hðt  t0Þ.
Alternatively, the strain tensor evolution can be related to the
stress tensor history, as:
eðtÞ ¼
Z t
1
Sðt; t0Þ : drðt0Þ or eðtÞ ¼ Sðt; :Þ:rð:Þ or e ¼ S:r
ð5Þsmt1 inverse of square matrix smt
X REV (representative elementary volume) domain
Xj phase j domain in REV
fj volume fraction of phase j in REV
u porosity of REV
ah ij spatial average of ﬁeld a over phase j
hai spatial average of ﬁeld a over the whole REV
n microscopic displacement vector
e microscopic linearized strain tensor
r microscopic stress tensor
E macroscopic linearized strain tensor
R macroscopic stress tensor
Cðt; t0Þ or C relaxation tensor
Sðt; t0Þ or S compliance tensor, S ¼ C1
if behaviour is isotropic, C ¼ 3kJþ 2gK and S ¼ Jk=3Jþ Jg=2K
with:
Jk bulk compliance
Jg shear compliance
JE uniaxial compliance,
deﬁned as e11 ¼ JE  r11 when applied stress history is
r ¼ r11e1  e1
k ¼ Jk1 bulk relaxation
g ¼ Jg1 shear relaxation
E ¼ JE1 uniaxial relaxation
elementary parts of rheologic models:
k stiffness of spring, when representing bulk behaviour
g stiffness of spring, when representing shear behaviour
g viscosity of dashpot, when representing bulk behaviour
c viscosity of dashpot, when representing shear behaviour
Aðt; t0Þ or A strain localization tensor operator
Aqpðt; t0Þ or Aqp strain localization tensor operator over a sphere
p embedded into an inﬁnite medium q
jAqp spherical component of A
q
p, if it is isotropic
kAqp deviatoric component of A
q
p, if it is isotropic, thus
Aqp ¼ jAqpJþkAqpK,
Fig. 1. Auxiliary problem over a spherical inhomogeneity 1 embedded into an
inﬁnite medium 2, the interface between inhomogeneity and matrix being perfect.
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tensor C in the sense of the ‘‘:

’’ operator.
Eq. (2) represents a tensorial extension of the Volterra integral
equation of the ﬁrst kind. The latter is deﬁned on scalar functions
as:
yðtÞ ¼
Z t
1
f ðt; t0Þdxðt0Þ or yðtÞ ¼ f ðt; :Þ  xð:Þ or y ¼ f  x ð6Þ
introducing the ‘‘’’ notation (which does not represent the usual
fonction composition operator here). In memory of Vito Volterra’s
pioneering works (Volterra, 1887; Volterra, 1959), the ‘‘’’ and ‘‘:’’
operators are here respectively called Volterra integral operator
and Volterra integral tensor operator. These ones also operate on
functions of two variables. In the scalar case, this operation is de-
ﬁned as:
ðf  gÞðt; sÞ ¼
Z t
t0¼1
f ðt; t0Þdt0gðt0; sÞ ð7Þ
Note that the Volterra integral operator is a non-commutative prod-
uct. The identity element of this product is deﬁned from the Heav-
iside function: ðt; t0Þ# Hðt  t0Þ. This function of two variables is
also denoted as H. The inverse of f in the sense of the Volterra inte-
gral operator is denoted as f1, so f1  f ¼ H. Extending this to
fourth order tensors, the inverse C1 of C in the sense of the Volter-
ra integral tensor operator is deﬁned as C1 :

C ¼ HI.
1.3. Formal derivation of the effective behaviour
The classical theory of homogenization of linear elastic random
media can be extended, at least in a formal way, to the case of age-
ing linear viscoelastic composites. For example, Orlik (1998) ex-
tends the asymptotic homogenization technique of periodic
microstructures to such behaviours from a theoretical point of
view, and Maghous and Creus (2003) derives the structure of the
macroscopic behaviour using localization operators in the case of
linear thermoviscoelasticity with ageing. Thus, only the main re-
sults are recalled here.
A representative elementary volume (REV) X is considered. It is
made up of a heterogeneous ageing linear viscoelastic material,
characterized by the relaxation tensor Cðx; t; t0Þ at each point x.
The local mechanical behaviour thus writes:
rðx; tÞ ¼ Cðx; t; :Þ : eðx; :Þ; x 2 X ð8Þ
Uniform strain boundary conditions are considered, the macro-
scopic strain tensor evolution being denoted by EðtÞ:
nðx; tÞ ¼ EðtÞ  x; x 2 @X ð9Þ
The strain ﬁeld evolution eðx; tÞ in the REV is sought (localization
problem). Two more equations close the mechanical problem,
namely the strain–displacement relation and the equilibrium of
stresses:
eðx; tÞ ¼ 1
2
grad nðx; tÞ þ tgrad nðx; tÞ  ; x 2 X ð10Þ
div rðx; tÞð Þ ¼ 0; x 2 X ð11Þ
As shown in Maghous and Creus (2003), the resulting microscopic
strain ﬁeld evolution linearly depends on the macroscopic strain
tensor EðtÞ (in the sense of the Volterra integral tensor operator
‘‘:

’’), due to the linearity of the mechanical problem made up of
the last four equations:
eðx; tÞ ¼ Aðx; t; :Þ : Eð:Þ; x 2 X ð12Þ
where Aðx; t; t0Þ is the strain localization tensor operator. The aver-
age strain over the whole REV being the macroscopic strain( eðx; tÞh i ¼ EðtÞ), the average of the strain localization tensor opera-
tor is the identity element:
Aðx; t; t0Þh i ¼ Hðt  t0ÞI ð13Þ
The effective behaviour is found to be ageing linear viscoelastic
(Maghous and Creus, 2003), as the local one, and the effective relax-
ation tensor reads:
Ceff ðt; t0Þ ¼ Cðx; t; :Þ : Aðx; :; t0Þ
D E
ð14Þ
As in the usual elastic framework, the upscaling process reverts to
the estimation of the strain localization tensor operator Aðx; t; t0Þ,
or, more precisely, to its average over the phases of the composite.
In the elastic case, classical homogenization schemes based on
Eshelby’s inclusion result Eshelby (1957) have been extensively
used. In the non ageing viscoelastic case, the correspondence prin-
ciple Mandel (1966), resorting to the Laplace–Carson transform, is
classically used to revert to a (ﬁctitious) elastic homogenization
problem. In the ageing viscoelastic case, the latter is not valid any
more. In the speciﬁc case of multilayered microstructures, Maghous
and Creus (2003) used periodic homogenization to derive the strain
localization tensor operator. The aim of this paper is to propose an
approach to deal with ageing viscoelastic behaviours written in the
form (8), and to reuse the classical homogenization schemes nearly
as easily as through the correspondence principle. The next section
details this technique on the most basic homogenization scheme
(for the sake of simplicity): the dilute scheme.
2. The dilute scheme revisited in the framework of ageing linear
viscoelasticity
2.1. Formal derivation
A two phases (indices 1 and 2) composite is considered. In that
case, Eqs. (13) and (14) allow to write the effective relaxation ten-
sor as a function of the average localization tensor operator over
phase 1 only:
Ceff ðt; t0Þ ¼ C2ðt; t0Þ þ f1 C1ðt; :Þ  C2ðt; :Þð Þ : Aðx; :; t0Þh i1 ð15Þ
where f1 is the volume fraction of phase 1 in REV.
The morphology of the composite is now assumed to be of the
matrix (phase 2) – inclusions (phase 1) type. When the volume
fraction of inclusions is low enough and the inclusions are dis-
persed enough, the so-called ’’dilute scheme’’ assumption esti-
mates the average localization tensor over inclusions, as the
localization tensor obtained over one spherical inclusion embed-
ded into an inﬁnite matrix (see for example Dormieux et al., 2006).
2.1.1. Localization operator over a spherical inhomogeneity
To derive the strain localization tensor operator deﬁned by (12)
on a single sphere embedded into an inﬁnite medium, the ageing
linear viscoelastic problem made up of Eqs. (8)–(11) is to be solved
over the geometry depicted on Fig. 1. In the case of elastic
behaviours, the classical way is to solve the problem using a direct
displacement approach: the displacement ﬁeld in both inhomoge-
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calculated. Taking advantage of the ‘‘ageing correspondence princi-
ple’’ proposed by Mandel (1958), it is possible to revisit this ap-
proach in the framework of ageing linear viscoelastic behaviours,
at least in a formal way.
The sphere radius is denoted by r1. The interface between both
materials is perfect. The inﬁnite medium is subjected to uniform
strain boundary conditions (strain evolution EðtÞ). Both phases
are assumed to be isotropic. The relaxation tensor of phase
i 2 f1;2g is denoted by Ciðt; t0Þ ¼ 3kiðt; t0ÞJþ 2giðt; t0ÞK, where ki
and gi are respectively the bulk and shear relaxations (different
from the bulk and shear elastic moduli). The inhomogeneity shape
(sphere) being also isotropic, the average strain localization tensor
operator over the latter is itself isotropic:
Aðx; t; t0Þh i1 ¼ A21ðt; t0Þ ¼ jA21ðt; t0ÞJþkA21ðt; t0ÞK ð16Þ
where the subscript 1 and superscript 2 respectively refer to the
inhomogeneity and matrix phases. The spherical coordinates sys-
tem is adopted (Fig. 2). The cases of a spherical and a deviatoric uni-
form strain boundary condition at inﬁnity are successively
investigated, to derive jA21 then
kA21.
2.1.1.1. Isotropic uniform strain at inﬁnity.
The uniform strain at inﬁnity is EðtÞ ¼ eðtÞ1.
Referring to the classical approach of Love (1944) in the frame-
work of elasticity, the displacement ﬁeld is sought in each phase
under the form:
niðx; tÞ ¼ aiðtÞr þ biðtÞ
r31
r2
 
er ð17Þ
where i 2 f1;2g. This displacement ﬁeld ensures that, for each time
t and in each phase, the stress ﬁeld is at equilibrium. The functions
aiðtÞ and biðtÞ are derived from boundary conditions and continuity
equations across the interface. The r; r component of the stress ten-
sor reads:
rrri ðx; tÞ ¼ 3kiðt; :Þ  aið:Þ  4
r31
r3
giðt; :Þ  bið:Þ ð18Þ
Boundary conditions at r ! 0 and r !1 yield b1ðtÞ ¼ 0 and
a2ðtÞ ¼ eðtÞ. Since b1ðtÞ ¼ 0, the strain over the inhomogeneity is
uniform, as established by Eshelby for the elastic behaviour and
in the general case of anisotropic stiffnesses and an ellipsoidal
shape (Eshelby, 1957). Continuity of displacement and stress vec-
tor across the interface r ¼ r1 yields two equations relating b2ðtÞ
and a1ðtÞ:
a1ðtÞ ¼ eðtÞ þ b2ðtÞ ð19ÞFig. 2. Spherical coordinates system ðr; h;/Þ and frame ðer ; eh ; e/Þ deﬁned with
respect to the reference frame ðe1; e2; e3Þ.3k1ðt; :Þ  a1ð:Þ ¼ 3k2ðt; :Þ  eð:Þ  4g2ðt; :Þ  b2ð:Þ ð20Þ
From these two equations, a1 then the uniform strain in the inclu-
sion 1 is derived:
e1ðx; tÞ ¼ 3k1 þ 4g2ð Þ1ðt; :Þ  3k2ð:; :Þ þ 4g2ð:; :Þð Þ  eð:Þ1 ð21Þ
In the latter equation, the inverse ‘‘ðÞ1’’ is considered in the sense of
the Volterra integral operator ‘‘’’. The spherical part of the strain
localization tensor operator over the inclusion 1 is deﬁned by
e1ðx; tÞ ¼ jA21ðt; :Þ  eð:Þ1, and reads:
jA21ðt; t0Þ ¼ 3k1 þ 4g2ð Þ1ðt; :Þ  3k2ð:; t0Þ þ 4g2ð:; t0Þð Þ ð22Þ
Note that in the elastic case (ki and gi being elastic moduli), the
spherical part of the localization tensor reads:
jA21 ¼
3k2 þ 4g2
3k1 þ 4g2
ð23Þ
This expression is obviously retrieved when the bulk and shear
relaxation functions appearing in (22) are replaced by those corre-
sponding to elastic behaviours. Note that the reverse is not true: as
the Volterra integral operator is non-commutative, the elastic
expression (23) cannot be transposed to the ageing viscoelastic case
(22) directly replacing products by the Volterra integral operator
and inverses by the inverse of this operator.
To practically take advantage of (22), an explicit evaluation of
both the Volterra integral operator and its inverse is due. This will
be performed numerically in Section 2.2.
2.1.1.2. Deviatoric uniform strain at inﬁnity.
A deviatoric uniform strain at boundary is now considered:
EðtÞ ¼ eðtÞðe1  e1  e2  e2Þ. Still inspired by Love (1944), the dis-
placement ﬁeld in each phase is sought under the form:
niðx; tÞ ¼ nri ðr; tÞ sin2 h cos 2/er
þ nhi ðr; tÞ sin h cos h cos 2/eh  sin h sin 2/e/
  ð24Þ
with:
nri ðr; tÞ ¼ ari ðtÞr þ bri ðtÞ
r3
r21
þ cri ðtÞ
r51
r4
þ dri ðtÞ
r31
r2
ð25Þ
nhi ðr; tÞ ¼ ahi ðtÞr þ bhi ðtÞ
r3
r21
þ chi ðtÞ
r51
r4
þ dhi ðtÞ
r31
r2
ð26Þ
From now, the time dependencies are omitted, for readability
purposes.
The equilibrium (11) of the stress ﬁeld over each phase relates
ahi ; b
h
i ; c
h
i ; d
h
i to a
r
i ; b
r
i ; c
r
i ; d
r
i :
ahi ¼ ari ð27Þ
3ð3ki  2giÞ  bhi ¼ ð15ki þ 11giÞ  bri ð28Þ
3chi ¼ 2cri ð29Þ
3ðki þ giÞ  dhi ¼ 2gi  dri ð30Þ
The boundary conditions at r ! 0 and r !1 yield cr1 ¼ 0, dr1 ¼ 0,
ar2 ¼ e and br2 ¼ 0. Thus (25) and (26) can be rewritten, for each
phase, as:
nr1ðrÞ ¼ a1r þ b1
r3
r21
ð31Þ
nh1ðrÞ ¼ a1r þ B1  b1
r3
r21
ð32Þ
nr2ðrÞ ¼ er þ c2
r51
r4
þ d2 r
3
1
r2
ð33Þ
nh2ðrÞ ¼ er 
2
3
c2
r51
r4
þ D2  d2 r
3
1
r2
ð34Þ
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B1 ¼ ð3k1  2g1Þ1 
1
3
ð15k1 þ 11g1Þ ð35Þ
D2 ¼ ðk2 þ g2Þ1 
2
3
g2 ð36Þ
Four unknown functions of t are still to be determined: a1; b1; c2
and d2. Displacement continuity at r ¼ r1 yields two equations:
a1 þ b1 ¼ eþ c2 þ d2 ð37Þ
a1 þ B1  b1 ¼ e 23 c2 þ D2  d2 ð38Þ
Stress vector continuity at r ¼ r1 also yields two equations:
6g1  a1 þ ð15k1 þ 8g1Þ  b1 þ 3ð3k1 þ 2g1Þ  B1  b1
¼ 6g2  e 12g2  ð2c2 þ d2Þ  3ð3k2  2g2Þ  D2  d2 ð39Þ
6g1  ða1 þ b1 þ B1  b1Þ ¼ g2  ð6eþ 6d2 þ 16c2  9D2  d2Þ ð40Þ
The four latter linear equations (in terms of the Volterra integral
operator) allow to determine a1; b1; c2 and d2. Substituting the
expressions of a1 and c2 obtained from (37) and (38), into (39)
and (40) yields a linear system of the 2 unknowns b1 and d2:
M1b1  b1 þM
1
d2
 d2 ¼ 6ðg2  g1Þ  e ð41Þ
M2b1  b1 þM
2
d2
 d2 ¼ 6ðg2  g1Þ  e ð42Þ
where the expressions of M1b1 ; M
1
d2
; M2b1 and M
2
d2
as functions of
k1; g1; k2; g2; B1 and D2 are too lengthy to be reproduced here.
Owing to the deﬁnition (36) of D2, it can be shown after some alge-
bra that M1d2 ¼ M
2
d2
. Thus b1 ¼ 0: the strain is found to be uniform
inside the inhomogeneity, as established by Eshelby in the elastic
framework (Eshelby, 1957). Thus a1 is directly related to d2, as:
a1 ¼ 15 ð2Hþ 3D2Þ  d2 þ e ð43Þ
where H still denotes the identity element of the Volterra integral
operator. Solving (42) for d2 then yields:
a1 ¼ 65 ð2Hþ 3D2Þ  M
2
d2
 1
 ðg2  g1Þ  eþ e ð44Þ
Substituting the expression of M2d2 into the latter equation yields a
closed-form expression of the deviatoric part of the strain localiza-
tion tensor operator over the inhomogeneity:
kA21 ¼ Hþ 2ð2Hþ 3D2Þ
 2g1  ð2Hþ 3D2Þ þ g2  ð6H D2Þð Þ1  ðg2  g1Þ ð45Þ
where D2 is deﬁned by (36), and time dependencies have been omitted.
Note that in the elastic case (ki and gi being elastic moduli), the
deviatoric part of the localization tensor reads:
kA21 ¼
5g2ð3k2 þ 4g2Þ
6g1ðk2 þ 2g2Þ þ g2ð9k2 þ 8g2Þ
ð46Þ
As with an isotropic uniform strain boundary condition, (46) can be
derived as a limit case of (45), but the reverse is not true, due to the
non-commutativity of the Volterra integral operator.
2.1.2. Effective bulk and shear relaxations
The projection of (15) onto J and K yields the dilute estimates
of the effective bulk and shear relaxations as functions of the esti-
mates of the average strain localization operator:
kdil ¼ k2 þ f1ðk1  k2Þ  jA21 and gdil ¼ g2 þ f1ðg1  g2ÞkA21 ð47Þ
where jA21 and
kA21 are given by (22) and (45).To render these derivations useful in practice, a procedure to
evaluate the Volterra integral operator and its inverse is still due.
This is the purpose of the next subsection.
2.2. Practical numerical implementation
2.2.1. Numerical evaluation of the Volterra integral operator and its
inverse
The inversion of the Volterra integral operator involves the
resolution of the Volterra integral equation of the ﬁrst kind (6),
that is getting the function xðt0Þ when yðtÞ (and f ðt; t0Þ) is known.
This inversion can be numerically performed discretizing time
into several steps and using a quadrature rule to approximate
the integral. We here refer to an algorithm proposed by Bazˇant
to transform a relaxation function to and from a compliance func-
tion (Bazˇant, 1972): approximating the integral using the trape-
zoidal rule. See Isaacson and Kirby (2011) for alternative
resolution methods. This algorithm has also been used by Huet
to perform structure computations: see Huet (1976) and Huet
(1980) for an adaptation of Bazˇant’s algorithm as a time-stepping
approach.
The idea is to discretize time, introducing 0 6 t0 6 . . . 6 tn, and
to consider the whole set of times in one row. Scalar variables of
time thus become vectors of nþ 1 elements. Then the Volterra
integral operator can be replaced by a straightforward matrix–vec-
tor product, as shown below.
The resolution is developed here in the scalar case. Let us recall
the integral equation to solve:
y ¼ f  x or yðtÞ ¼
Z t
1
f ðt; t0Þdxðt0Þ ð48Þ
where f and y are known and x is sought. When t 6 0; xðtÞ ¼ yðtÞ ¼ 0
is assumed. The trapezoidal approximation of (48) yields:
yi ¼
f ðti;0Þ þ f ðti; t0Þ
2
x0 þ
Xi1
j¼0
f ðti; tjÞ þ f ðti; tjþ1Þ
2
ðxjþ1  xjÞ ð49Þ
where yi ¼ yðtiÞ and xj ¼ xðtjÞ. This expression can be put in the
form:
y½  ¼ sf t  x½  ð50Þ
where y½  and x½  are ðnþ 1Þ-vectors whose generic term is respec-
tively yi and xj, and sft is a ðnþ 1Þ  ðnþ 1Þ-matrix whose generic
term is deﬁned as:
2f i;j ¼
f ðt0;0Þ þ f ðt0; t0Þ; i ¼ j ¼ 0
f ðti;0Þ  f ðti; t1Þ; iP 1; j ¼ 0
f ðti; tj1Þ  f ðti; tjþ1Þ; iP 2; 1 6 j 6 i 1
f ðti; ti1Þ þ f ðti; tiÞ; iP 1; j ¼ i
0; 1 6 iþ 1 6 j 6 n
8>>>>>><
>>>>>>:
ð51Þ
This matrix is lower triangular, as could have been anticipated from
the causality principle: the value of y at t does not depend on the
values of x at t0 > t. Once time-discretized, the resolution of (48)
only requires the resolution of the linear system (50), which is
straightforward since sft is lower triangular.
Thus, the Volterra integral operator can be replaced by matrix
multiplication, and its inverse can be replaced by matrix inversion,
provided that the kernel f is transformed into a lower triangular
matrix according to (51). This allows to perform homogenization
of ageing linear viscoelastic composites nearly as homogenization
of elastic composites, as it is the case for non ageing viscoelastic
materials using the correspondence principle.
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First, some validation and convergence analysis of this inversion
procedure is desirable. In the non ageing case, f ðt; t0Þ ¼ f ðt  t0Þ, so
the Volterra integral operator becomes a convolution product. In
this case, the inversion can be performed resorting to the La-
place-Carson transform.
Let us consider the Burgers model (see Fig. 3) in a mono-dimen-
sional context. The compliance function is:
JbðtÞ ¼
1
ks
1þ t
gs=ks
þ 1 e
 t
gp=kp
kp=ks
 !
ð52Þ
The corresponding relaxation function Rb can be obtained from two
distinct procedures:
 analytically, through the Laplace–Carson transform of (52), the
inverse Laplace transform being, in this case, analytical,
 numerically, inverting the relation e ¼ J  r where
Jðt; t0Þ ¼ Jbðt  t0Þ to get r ¼ R  e (using the matrix equivalence
described in the previous subsection), then evaluating
RbðtÞ ¼ Rðt; :Þ Hð:Þ.
As can be seen on the left part of Fig. 4, both approaches yield vir-
tually the same relaxation function. Note that the time discretiza-
tion points need not to be evenly distributed: this allows to reﬁne
the description where large variations are expected (near t ¼ 0
here).
A convergence analysis as a function of the number of time dis-
cretization points has been performed: starting from a crude dis-
cretization (11 time points), new ones are recursively obtained
adding the midpoint of each segment delimited by two successive
points. The error between the numerical relaxation curve (curve
deﬁned by linear interpolation between the computed points)
and the analytical one is quantiﬁed as the area of the surface inbe-
tween both curves (in absolute value), for the time range
0 6 t=ðgs=ksÞ 6 5 considered on the left part of Fig. 4. Then, this er-
ror is plotted as a function of the number of time points (see right
part of Fig. 4). The numerical solution clearly converges towards
the analytical one as the time discretization is reﬁned.
2.2.3. Numerical implementation of the dilute scheme
To evaluate (22) in practice, we take advantage of the replace-
ment of the Volterra integral operator by a simple matrix–vector
product when performing time discretization. So, if the relaxation
functions kiðt; t0Þ and giðt; t0Þ are respectively transformed into
matrices skit and sgit using (51), (22) becomes:
sjA21t ¼ 3sk1tþ 4sg2tð Þ1  3sk2tþ 4sg2tð Þ ð53Þ
And the dilute estimate of the effective bulk relaxation is obtained
from (47):Fig. 3. Rheological models used in this paper to represent non ageing linear
viscoelastic behaviours. Considered behaviours being isotropic, the spherical and
deviatoric parts can be represented by independent rheological models: in the
spherical (resp. deviatoric) case, the stiffness of springs is denoted by k (resp. g) and
the viscosity of dashpots is denoted by g (resp. c).skdilt ¼ sk2tþ f1ðsk1t sk2tÞ  sjA21t ð54Þ
The latter two equations allow to efﬁciently compute the dilute
estimate of the effective bulk relaxation function: only a few matrix
operations (sums, products and inverses) are required. This yields
the matrix form skdilt, completely characterizing the effective bulk
behaviour. Then, getting the effective bulk relaxation kdilðt; sÞ at
times t and s is only a matter of ‘‘post-processing’’, reverting to
the deﬁnition kdilðt; sÞ ¼ kdilðt; :Þ Hsð:Þ where Hsðt0Þ ¼ Hðt0  sÞ. For
a given loading time s, the relaxation function t# kdilðt; sÞ ¼ kdils ðtÞ
sampled over ðtiÞi¼0...n is given by kdils
h i
¼ skdilt  Hs½ .
The case of the dilute estimate of the shear relaxation function
involves lengthier expressions (from Eqs. (45) and (47)), but the
principle is exactly the same.
This approach, illustrated on the dilute scheme, allows to
homogenize ageing linear viscoelastic composites whatever the
bulk and shear relaxation functions of the phases. The derivation
of the classical homogenization schemes based on the localization
result over a sphere embedded into an inﬁnite medium, such as the
Mori Tanaka and self-consistent schemes, is then straightforward.
This is the purpose of the next section. Then, Section 4 will be de-
voted to validation by comparison to results available in speciﬁc
cases from classical homogenization techniques.
3. Extension of usual homogenization schemes
The extension of the usual elastic homogenization schemes to
ageing linear viscoelasticity is straightforward, at least in a formal
way. We ﬁrst consider the general case of a composite medium
made up of N phases, whose relaxation tensor in each phase is de-
noted by Ci; i 2 f1; . . . ;Ng. Referring to (14), the effective relaxa-
tion tensor reads:
Ceff ¼
XN
i¼1
fiCi :

Ai ð55Þ
where fi is the volume fraction of phase i andAi is the average of the
strain localization operator over phase i.
Considering isotropic behaviours and spherical shapes, Ai can
be estimated taking advantage of the solution of the auxiliary
problem investigated in sub-Section 2.1.1, embedding a homoge-
neous sphere into a reference medium of relaxation tensor C0.
Depending on the choice of this reference medium, two schemes
are classically derived, namely the Mori Tanaka and the self-con-
sistent schemes.
3.1. Mori Tanaka scheme
In the case of matrix-inclusions composites, the Mori Tanaka
scheme (MT) considers the matrix as the reference medium Mori
and Tanaka (1973). The matrix is denoted by the subscript 0, and
the N inclusionary phases are denoted by subscripts 1;2; . . . ;N,
so the composite medium is in fact made up of N þ 1 phases. To
estimate the average strain localization tensor operator over each
inclusionary phase, a sphere made up of this phase is embedded
into an inﬁnite medium whose relaxation tensor is C0, and a
uniform strain (E0) boundary condition is applied at inﬁnity. The
average strain in phase i 2 f1; . . . ;Ng is thus estimated as:
eh ii ¼ A0i :

E0 ð56Þ
where A0i corresponds to the average strain localization tensor
operator over a sphere i embedded into an inﬁnite matrix 0. As
far as the matrix phase is concerned, the Mori Tanaka hypothesis
considers the uniform strain at the boundary of the auxiliary prob-
lems as the average strain in the matrix, so eh i0 ¼ E0. In other words,
(56) can be extended to i ¼ 0 writing A00 ¼ HI. The macroscopic
Fig. 4. Relaxation functions obtained analytically (from the inversion of (52) through the Laplace-Carson transform) and numerically (from the inversion of matrix (51)) for a
non ageing Burgers model ðkp=ks ¼ 2; gp
kp
= g
s
ks
¼ 3Þ; and convergence analysis with respect to time discretization.
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erence strain E0 applied at the boundary of auxiliary problems:
E ¼ eh i ¼
XN
i¼0
fiA0i
 !
:

E0 ð57Þ
R ¼ rh i ¼
XN
i¼0
fiCi :

A0i
 !
:

E0 ð58Þ
The Mori Tanaka estimate of the effective relaxation tensor is ﬁnally
the tensor relating macroscopic stress and strain:
CMT ¼
XN
i¼0
fiCi :

A0i
 !
:
 XN
i¼0
fiA0i
 !1
ð59Þ
the inversion being, as usual, considered in the sense of the Volterra
integral tensor operator. As we are considering isotropic phases and
spherical inhomogeneity shapes, the effective behaviour is also iso-
tropic and the bulk and shear relaxation functions are obtained
from a projection of the latter equation over tensors J and K:
kMT ¼
XN
i¼0
fiki  jA0i
 !

XN
i¼0
fi jA
0
i
 !1
and gMT
¼
XN
i¼0
figikA0i
 !

XN
i¼0
fi kA
0
i
 !1
ð60Þ
where jA00 ¼ kA00 ¼ H as far as the matrix is concerned and, for inclu-
sions, that is iP 1; jA0i and
kA0i are equal to the expressions derived
in Section 2.1.1, phase i being the inclusion and phase 0 being the
matrix.
The practical implementation of the Mori Tanaka scheme re-
quires to evaluate the Volterra integral operator and its inverse.
As in the dilute case, this is performed numerically, discretizing
time and replacing functions of time by vectors and relaxation
functions by matrices.
3.2. Self-consistent scheme
In the case of polycristalline materials, the self-consistent (see
Hill, 1965 for example) scheme (SC) considers the reference med-
ium as the effective medium: C0 ¼ CSC . The latter is here supposed
to be isotropic. The expressions (60) are still valid, except that now
the localization operators jA0i and
kA0i both depend on the esti-
mates of the bulk kSC and shear gSC relaxations, yielding two
equations:
kSC ¼
XN
i¼1
fiki  jA0i
 !

XN
i¼1
fi jA
0
i
 !1
and gSC
¼
XN
i¼1
figikA0i
 !

XN
i¼1
fi kA
0
i
 !1
ð61ÞNote that now the sums start at 1 since the reference medium 0 is
not a phase of the composite material.
The practical implementation of the self-consistent scheme is
done as before, discretizing time. Furthermore, the non linear sys-
tem of 2 matrix equations, discretized from (61), over the effective
bulk skSCt and shear sgSCt relaxation matrices, can be solved using
the iterative ﬁxed-point algorithm, the starting values being, for
example, the identity matrix.4. Validation with respect to accessible analytical or numerical
results
The proposed approach to homogenize ageing linear viscoelas-
tic composites has to be validated. Here we consider speciﬁc cases
where reference results are derivable, either analytically or numer-
ically from FEM. Note that the material parameters considered
here do not correspond to real materials; these behaviours are
for validation purposes only. Whenever possible, a convergence
analysis is performed.4.1. Non ageing viscoelasticity: correspondence principle and
homogenization of random media
A composite material made up of two isotropic non ageing vis-
coelastic phases (denoted by 0 and 1) is considered here. Both the
Mori Tanaka (phase 0 being the matrix and phase 1 being the inclu-
sions) and the self-consistent scheme are considered, with spheri-
cal particles, and with a volume fraction f1 ¼ 0:3 of phase 1.4.1.1. Behaviour of phases
Non ageing linear viscoelastic isotropic models are arbitrarily
chosen for both phases. The bulk and shear behaviours of the ﬁrst
phase (subscript 0) are represented by a Burgers rheological model
(Fig. 3). The compliance tensor of phase 0 is therefore written as:
S0ðt; t0Þ ¼ 13 J
k
0ðt; t0ÞJþ
1
2
Jg0ðt; t0ÞK ð62Þ
with the bulk and shear compliances:
Jk0ðt; t0Þ ¼
1
ks0
1þ t  t
0
gs0=k
s
0
þ 1 e
 tt0
gp
0
=kp
0
kp0=k
s
0
0
B@
1
CA ð63Þ
Jg0ðt; t0Þ ¼
1
gs0
1þ t  t
0
cs0=gs0
þ 1 e
 tt0
cp
0
=gp
0
gp0=g
s
0
0
B@
1
CA ð64Þ
As the homogenization schemes require the relaxation tensor C0,
the compliance tensor (62) is inverted resorting to Bazˇant’s proce-
dure described in Section (2.2.1).
Table 1
Arbitrary parameters of the rheological models representing phases 0 and 1;
stiffnesses and characteristic times are respectively normalized by ks0 and gs0=k
s
0.
Bulk Shear
Phase 0: Burgers model
Spring ks0 k
p
0
gs0 g
p
0
Stiffness (ks0) 1 2 2 4
Dashpot associated to spring gs0=k
s
0 g
p
0=k
p
0
cs0=g
s
0 c
p
0=g
p
0
Characteristic time (gs0=ks0) 1 5 1:5 5
Bulk Shear
Phase 1: generalized Maxwell model
Spring kp1 k
0
1 k
1
1
gp1 g
0
1 g
1
1
Stiffness (ks0) 10 9 15 12 11 25
Dashpot associated to spring n.a. g01=k
0
1 g11=k
1
1
n.a. c01=g
0
1 c
1
1=g
1
1
Characteristic time (gs0=ks0) 11 0:5 9 0:3
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are represented by a generalized Maxwell rheological model, with
2 chains (Fig. 3). The relaxation tensor of phase 1 is written as:
C1ðt; t0Þ ¼ 3k1ðt; t0ÞJþ 2g1ðt; t0ÞK ð65Þ
with the bulk and shear relaxations:
k1ðt; t0Þ ¼ kp1 þ k01e
 tt0
g0
1
=k0
1 þ k11e
 tt0
g1
1
=k1
1 ð66Þ
g1ðt; t0Þ ¼ gp1 þ g01e
 tt0
c0
1
=g0
1 þ g11e
 tt0
c1
1
=g1
1 ð67Þ
The arbitrary material parameters considered in the simulations are
reported on Table 1. The bulk and shear relaxation functions of both
phases are plotted on Fig. 5.
4.1.2. Results and comparison
The effective relaxation functions from both the approach pro-
posed here (considering the phases as ageing viscoelastic) and
the reference approach (using the correspondence principle) are
compared on Fig. 6. The Laplace transform is inverted analytically
in the Mori Tanaka case, and numerically in the self-consistent
case, using the Stehfest algorithm (Stehfest, 1970). As far as the
ageing approach is concerned, the effective relaxations are plotted
for two loading times t0 ¼ 0 and t0 ¼ 3gs0=ks0, to check that they are
indeed non ageing. The agreement is very good, despite the rather
crude time discretization used in the ageing viscoelastic homoge-
nization process (dt ¼ 0:5gs0=ks0, except around t ¼ 3gs0=ks0 where
two smaller time steps have been used to properly catch the dis-
continuities around the elastic step).
A convergence analysis has been performed for both MT and SC
schemes: see Fig. 7. The error between the numerical estimation
of the relaxation curve and the reference one is deﬁned as the area
between both curves, for 0 6 t=ðgs0=ks0Þ 6 10 and for t0 ¼ 0. As far asFig. 5. Bulk and shear relaxationsthe MT scheme is concerned, this error is plotted as a function of the
number of time discretization points: the estimate coming from
ageing linear viscoelastic homogenization clearly converges to-
wards the reference one. As far as the SC scheme is concerned,
the error is plotted as a function of the number of ﬁxed-point iter-
ations for a rather large number of time discretization points
(namely 1001), to minimize the cumulation of both discretization
and ﬁxed-point algorithm errors. One may argue that the use of
the ﬁxed-point algorithm over quite large (1001  1001) relaxation
matrices may be impractical. In fact it is doable on nowadays com-
puters, and only a few iterations are required to obtain a reason-
able precision over the effective behaviour (see right part of Fig. 7).
4.2. Ageing viscoelasticity: numerical homogenization
The previous validation case considered non ageing behaviours,
in order to take advantage of the correspondence principle to get a
reference result. In this subsection, an ageing behaviour is consid-
ered, and the reference result is obtained from FEM numerical
homogenization. The morphology has to be simple enough so that
the numerical computations remain reasonably tractable. We thus
consider a periodic morphology made up of cubic cells, where each
cell embeds one spherical inclusion at its center. Both inclusion
and matrix behaviours are isotropic. Even if the effective behaviour
of such a composite material is not isotropic, the equivalent effec-
tive bulk relaxation is sought, using uniform strain boundary con-
ditions with a spherical macroscopic strain EðtÞ ¼ eðtÞ1.
The periodic nature of the microstructure allows to perform the
numerical FEM computation on only one cubic cell, provided that
periodic boundary conditions are used. Furthermore, taking advan-
tage of the symmetric nature of the microstructure (the three
planes parallel to the faces of the cube and containing the center
of the inclusion are symmetry planes), the computation can be per-
formed on only one eighth of the elementary cell, that is over a
cube embedding one eighth of a sphere at one corner. In that case,
boundary conditions have to be adapted. Considering the spherical
nature of the macroscopic strain EðtÞ ¼ eðtÞ1, the normal displace-
ment is imposed as zero on the 3 symmetry planes and as eðtÞL=2
on the three other faces (L being the length of the edge of the ele-
mentary cell), and the tangential components of the stress vector
are imposed as zero.
The computation is done with the ﬁnite element code Code_A-
ster http://www.code-aster.org/. Several meshes (Fig. 8) have been
prepared to check the proper convergence of the effective bulk
relaxation with respect to mesh reﬁnement.
4.2.1. Behaviour of inclusions and matrix
The inclusions (subscript 1) are elastic whereas the matrix (sub-
script 0) is ageing linear viscoelastic, both behaviours being isotro-
pic. The ageing linear viscoelastic behaviour available inof elementary phases 0 and 1.
Table 2
Arbitrary material parameters used in computations (stresses are normalized by the
matrix Young’s modulus E0, and times are normalized by the characteristic ageing
time s of matrix, appearing in Eq. (69)).
Inclusion
Poisson ratio m1 0:3
Young’s modulus E1=E0 10
Volume fraction f1 0:113
Matrix
Poisson ratio m0 0:25
Parameters of Eq. (68) (n ¼ 2) J10E0 2
J20E0 3
s10=s 0:1
s20=s 0:5 Fig. 9. Bulk relaxation function of matrix, normalized by the elastic bulk modulus of
matrix, and plotted for t0=s 2 f0;0:5;1;1:5;2g.
Fig. 8. Meshes used in FEM computations, made up of quadratic tetrahedra (inclusion appears in grey).
Fig. 6. Effective bulk and shear relaxations of composite material estimated from MT and SC schemes, plotted for t0 ¼ 0 and t0 ¼ 3g0s =k0s , and computed either from the
approach proposed in this paper (considering phases as ageing linear viscoelastic) or from the correspondence principle (LC).
Fig. 7. Convergence analysis (area between curve from ageing homogenization and reference curve from the correspondence principle) of MT scheme (as a function of the
number of time points) and SC scheme (as a function of the number of ﬁxed-point iterations).
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Fig. 10. Effective bulk relaxation functions of matrix-inclusions composite as numerically computed by FEM on 3 meshes with a varying level of reﬁnement (left part), and
comparison of the FEM reference (from the coarsest mesh) to estimations from a Mori Tanaka (MT) scheme and a dilute (dil.) scheme.
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without temperature effects is used. The matrix ageing linear vis-
coelastic behaviour is thus deﬁned by a constant Poisson ratio
and the following uniaxial compliance function:
JE0ðt; t0Þ ¼
1
E0
þ f ðt0Þ
Xn
p¼1
Jp0 1 e
tt0
sp
0
 !
ð68Þ
where E0 is the Young’s modulus (1=E0 corresponding to the elastic
part of the compliance function), Jp0 and s
p
0 for p 2 f1; . . . ;ng are vis-
coelastic parameters, and f ðt0Þ is the ageing function. The latter can
take any form. For the sake of simplicity, the following expression is
considered:
f ðt0Þ ¼ et0=s ð69Þ
where s can be viewed as the characteristic ageing time of matrix.
The arbitrary material parameters used in the simulation are gath-
ered on Table 2. Fig. 9 represents the matrix bulk relaxation func-
tion: the behaviour is clearly ageing.4.2.2. Results and comparison
To be able to compare numerical results to estimations from
homogenization of random media, the morphologies modelled in
both cases must be as close as possible. This is why a low enough
volume fraction of inclusions f1 ¼ 0:113 is considered, so that the
Mori Tanaka scheme remains relevant. Indeed, we are not chal-
lenging the ability of the Mori Tanaka scheme to model a given
microstructure, but the ability of the proposed approach to homog-
enize ageing viscoelastic behaviours.
The effective bulk relaxation function obtained from numerical
homogenization is plotted on the left part of Fig. 10 for the three
meshes depicted on Fig. 8. Results cannot be distinguished: the
coarsest mesh is found to be enough to get an accurate result. In
the following, only results from the latter (mesh 1) are considered.
The effective bulk relaxation function of the composite is also
estimated using a dilute scheme (dil.) and a Mori Tanaka scheme
(MT), see the right part of Fig. 10. The MT and FEM curves are vir-
tually superimposed: this validates the approach proposed here to
homogenize ageing linear viscoelastic composites. Note that, as ex-
pected, the dilute scheme estimations are not as accurate as the
ones from the MT scheme: the volume fraction of inclusions con-
sidered here is too high for the dilute scheme to be relevant.4.2.3. A note about the efﬁciency of the ageing linear viscoelastic
homogenization approach
The bulk relaxation functions computed from FEM and esti-
mated from MT are nearly identical: they cannot be distinguished
on the right part of Fig. 10. The computing time of both approaches
is now compared, keeping the conditions as equivalent as possible.
The same time discretization is used in both cases: 161 points. Theprinciples underlying both approches being different, some aspects
of the computations are inherently different:
 FEM homogenization resorts to a time-stepping algorithm, so it is
not possible to get the complete bulk effective relaxation function
ðt; t0Þ# keff ðt; t0Þ from only one computation. Rather, the function
t# keff ðt; t0Þ, sampled at each time point t, is obtained for a given
value of the loading time t0. The time required to compute ﬁve of
these partial bulk relaxation functions (as plotted on Fig. 10) is
considered here. The coarsest mesh (mesh 1 on Fig. 8) is used.
 The MT scheme outputs the complete effective behaviour, that
is both the bulk and shear effective relaxation functions in
matrix form (sampled at each time point, following (51)).
Thus the output of the MT scheme is much richer than the output
of the FEM homogenization approach.
Computations have been performed in both cases on only one
core of an Intel Xeon CPU E5620 @2:40 GHz. The numerical homog-
enization computation on the coarsest mesh to get 5 partial effec-
tive bulk relaxation functions took 12 min and 54 s. The MT
scheme to get the complete effective bulk and shear relaxation
functions only took 0.6 s. The computation time ratio is over
1000. Even if the idea of dealing with all time points in one row,
thus requiring to manipulate vectors and matrices instead of sca-
lars in homogenization schemes, may seem cumbersome, on now-
adays computers these calculations are not a problem.5. Conclusion and prospects
An approach to upscale ageing linear viscoelastic behaviours in
the framework of homogenization of random media is proposed.
Once the localization tensor operator over a spherical inhomogene-
ity is derived in the framework of ageing linear viscoelasticity, the
classical homogenization schemes (namely the dilute, Mori Tanaka
and self-consistent schemes) commonly used in elasticity can be
straightforwardly extended to ageing linear viscoelastic behav-
iours. This approach is nearly as easy to use as the correspondence
principle in the non ageing case. As a side effect, the (often numer-
ical) inversion of the Laplace–Carson transform is avoided.
This approach is carefully validated against reference results
obtained from the correspondence principle in the speciﬁc case
of non ageing linear viscoelastic materials, and from FEM homoge-
nization in the ageing case.
This ﬁrst attempt to homogenize ageing linear viscoelastic ran-
dom composites has some limitations. These ones mainly come
from the fact that the strain localization tensor operator has to
be explicitly derived from the direct resolution of auxiliary prob-
lems in the framework of ageing linear viscoelasticity:
 local behaviours must be isotropic,
 inhomogeneity shapes must be spherical.
2856 J. Sanahuja / International Journal of Solids and Structures 50 (2013) 2846–2856However, the approach can deal with any isotropic ageing linear
viscoelastic behaviour, provided that its bulk and shear relaxation
(or compliance) functions are known, either analytically as func-
tions, or numerically as matrices (for example recursively obtained
from homogenization at a lower scale).
Improvements are clearly required to make this approach as
generic as the correspondence principle is in the non ageing case,
especially in terms of morphological representation. Indeed, it
would be desirable to take into account information on the parti-
cles shape. The simplest way to go towards this would be to extend
the approach to spheroidal inclusion shapes. If still resorting to iso-
tropic behaviours, a direct resolution in the ageing linear viscoelas-
tic context, inspired by the resolution proposed by Duan et al.
(2005) in elasticity, may be feasible. This would for example allow
to revisit the multi-scale model of hydrating cement paste (Sana-
huja et al., 2007) in the viscoelastic framework, or to extend the
micromechanical model of ﬁber-reinforced concrete (Dutra et al.,
2010) to ageing behaviours. Then some comparisons with methods
previously proposed to homogenize ageing viscoelastic behaviours
(Ricaud and Masson, 2009; Masson et al., 2012; Scheiner and Hell-
mich, 2009) could be performed.
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